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ABSTRACT

In the present paper a new idea has been established for fixed point theorem for a self mapping which satisfying

contraction mapping on a complete matrix space in Banach space.
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Today with the advancement of science in
Mathematical era fixed point theory in Banach space of
contraction mappings is well establishing and their
existence is define in a large scale in the field of
mathematics with new amplitude. Lipschitz in the area of
fixed point it is a type of contractive mapping role plays an
important role in Banach space. It is obvious that the
Banach (1622) contraction principle is a fundamental result
in fixed point theory, which used in different direction of
matrix space. There are many mathematicians such as Bose
and Mukherjee (1981), De marr (1963), Browder (1965)
who defined some useful properties of the fixed point for
contractive mapping in Banach spaces. A mapping
sometimes not may be non-expansive but when it
composite with other mapping it will be non-expansive, so
the composite as well as it’s sequences have a common
fixed point. Dotson and Mann (1977), Jungck (1976)
studied some fixed point theorem for non-expansive
mappings in Banach spaces.

(i) Suppose F is a bounded convex subset of a banach
space B and S:F — F is a mapping, where £ is a non-
expansive if:

IS -S| <|lu—-v|l YwuveF. (la)

Let G(S) ={u € F:S(w) =u}, where G(S) is
called a set of fixed point for mapping S. If F is a closed
and convex subset of a Hilbert space h and T has a fixed
point, then Vu € F,{S,,(u)} is convergent to a fixed point
of S. This theorem was proved by Baillob (1975) in Hilbart
space for non-expansive mapping. The mapping S is known
as quasi-non expansive mapping by Shahzad (2004) if:

[[S(w) —e|| <|lu—e|l forallx € F,e e G (1.b)
THE BASIC RESULTS

Theorem (a)

!Corresponding Author

Let S be a self mapping for a non-empty,compact
and convex subset of a Banach space § which commutes S,

where 0 < u < 1 and t is a fixed number of convex subset
then

1SS, w) =SS, || < lu—vll  (c)

where u, v are fixed elements of convex subset of
Banach space 8

Proof

As we know thatSS, is nonexpansive and
mapping a convex subset into itself then SS, has a fixed

point k in convex subset then,

IS(k) — kll = ||SSS, (k) — SS, (k)|

= [l5,5200) - 5,5

= plIS*(k) — S2(R)| -(d)

53 (k) — S2(U) Nl = plIS®(k) — S* (R
Thus from equation (d) ||s(k) — k|| = 2[|S%(k) — S*(k) ||

Similarly

So, in general we have
Is(k) — kll = uPlIS*P*1 (k) — S (Ol
wherep = 1,2,3,... ...(e)

Since sub convex set is compact so we can obtain a positive
number § such that

ls(k) — kll < 6uP (D
Ifu <1,p - oowehave S(k) =k
Therefore k is a common fixed point of S, S, and S5,

(ii) For fixed point Fisher (1979) take a mapping f:U —
U satisfying the conditionof type
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[d(fu, fv)]? < ad(u, fu)d(v, fv) + Bd(u, fv)d(v, fu)
(9]

Forallu,v€Xand0 <a<landf =0

George et al., (2017) gives application of many fixed point
theorem

Theorem (b)

Let U be a self mapping of a non-empty compact
and convex subset of a Banach S space and S,(u) =
uS) + (1 — wu, where0 < u < 1. If S and S, commute
forallu,v € C,s0 S,S, and SS,, have a common fixed point
inC.

Proof

Let k be a fixed point of S, then

k= 5S,(k) = us*() + (1 — wS(k)

Then,||S(k) — S|l = ullS*(k) — SGl -.-(h)

Also, S(k) = 5 (5,(K)) = 5,5%(k) = s> (k) +

(1 - ws*k)

That s, [|S?(k) = SU |l = pllS* (k) — S (K| (@
So from above we have,

IS(k) = I = ullS® k) — S2EI

Thus in general

IS(k) — S|l = uP||SP** (k) — SP(k)|l, wherep =1,2,3...
When p tending to infinite, we get

Stk) =k

So this is the desired results.

Theorem (c)

Let U be a closed and convex subset of a Banach
space and u, v be any two points of U and f is a contraction
on U then for a positive integer n satisfy the condition

d(f“(u), f“(v)) <a"d(u,v)Vu,vE U, where 0 < a < 1
Proof

Let u, be any point of U and let m,n be two
positive integer greater than 1 then we have

d(up, up) = d(un' un+p)
< d(un' un+1) + d(un+1run+2) +

+ d(un+p—1' un+p)

d(f™(uo), fM(we)) + d(f" (o), [ (u)) +
oo 4 d(fn+p—1(u0)’fn+p—1(u1)) (J)

with the help of (g) and (j),we have

d(Up, uy) < a™d(ug,uy) + a™1d(ug, ug) + - +

an+p_1d(u01 ul)

_ a™d(ug,uq)

T 1-a

Since lim,,_,, a™ = 0 this implies that d(u,, u,;,)

can be made less than any pre-assigned positive number
€,s0 that blim,_, f(u,) = f(u) =u because {(f(u,))
converge to u

Hence f(u) = u
This shows that u is a fixed point
Hence proved the theorem.
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